Abstract-An increasing interest in both efficient electric machines and more extensive control strategies demands evermore faster simulation tools. In that context, Fourier-based models, which combine low computational times with a high accuracy, have already proven their value. However, even Fourier-based models may encounter problems related to CPU usage. To cope with these problems the authors present a number of simple techniques to reduce the computational effort of Fourier-based models for synchronous machines. The techniques are based on simplifying the studied geometry and a qualitative analysis of the machine's timeand spatial-harmonic content. The proposed techniques are validated and a benchmark test has shown that a great reduction in computational burden can be achieved without significant loss of accuracy. The preliminary harmonic analysis gives, by far, the largest reduction of the computational burden.
a demand for high accuracy is combined with complex machine topologies, even the computational time of traditional Fourierbased models may become unacceptably high. This is especially true when the model is used for optimization procedures with a large initial design space.
Although some authors of FB models have reported on numerical issues [3] , [7] , [8] , to date no extensive study of the computational time of such models has been presented. The only available literature that discusses computational-time reduction was presented by Ramakrishnan et al. in [9] . However, that discussion is limited to a specific class of Fourier-based models that uses Schwarz-Christoffel mapping.
The goal of this paper is therefore to meet the need for more computational-efficient Fourier-based models. Moreover, those lower computational times are to be obtained with simple and very generally applicable techniques that do not compromise the model's accuracy. Because of their relative importance in the segment of innovative electric machines, the focus in this work is on Permanent-Magnet Synchronous Machines (PMSMs).
Two techniques to reduce the FB model's computational effort are considered in this work; simplifying the geometry and applying a qualitative analysis of the machine's time-and spatialharmonic content. That analysis was performed by the authors in [10] . The results are validated using a Finite-Element Model (FEM). A benchmarking test is performed to compare the computational time of the standard Fourier-based model with the computationally efficient models.
A. Assumptions
Before discussing the work, some general assumptions have to be made. As already mentioned, this paper focuses on PMSMs. However, such machines come in a large variety. Although the work applies to a great majority of Fourier-based models for synchronous machines, some restrictions have to be adopted.
A first assumption is that the end effects are neglected. This assumption is common for analytical models and allows for a 2D approximation.
Secondly, the applied current system is assumed to be a balanced system with an odd number of phases.
Thirdly, the stator is wound using the Star Of Slots (SOS) technique. This assumption allows for the vast majority of winding topologies, ranging from simple single-layer distributed windings to multi-phase fractional-slot concentrated windings with any number of layers.
0885-8969 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information. Fourthly, as in most Fourier-based models, all materials are assumed homogeneous. This implies that local saturation is not taken into account.
Finally, the rotor is assumed to be rotating at synchronous speed. This implies steady-state operation.
The above assumptions are listed as: 1) No end-effects 2) Balanced system with an odd number of phases 3) Winding distribution according to SOS 4) Homogeneous materials 5) Synchronous operation
B. Paper Outline
The work is structured in three parts. Sections II and III provide the necessary background information on Fourier-based modeling and the time-and spatial-harmonic content of synchronous electric machines. Next, Sections IV and V introduce the techniques to reduce the computational effort of FB models. These sections respectively focus on simplifying the geometry and applying a qualitative analysis of the machine's harmonic content. Finally, the proposed techniques are evaluated in Section VI and the work is concluded in Section VII.
II. FOURIER-BASED ANALYTICAL MODELS
The goal of this section is to introduce Fourier-based modeling. Obviously, the magnetic field is not only dependent on space but on time as well. When building a Fourier-based model, the time-dependency can be accounted for directly or through time-stepping. Both techniques will briefly be discussed in the following. Fig. 1 shows a PMSM with a Shielding Cylinder (SC). The latter is a conductive sleeve that is wrapped around the magnets [4] , [5] . It is often used to reduce the rotor losses at high-speed operation, but it can also be used to retain the magnets. Although the presented work applies to a broader range of PMSMs, as explained in Section I, the machine in Fig. 1 will be used as an example in this section.
A. Fourier Representation of the Magnetic Field
The magnetic field in an electric machine has both a time (t) and a spatial dependency.
It can easily be seen from Fig. 1 that the shape of the example machine lends itself to using a cylindrical coordinate system (r, φ, z) to spatially describe the magnetic field. As discussed in Section I-A, neglection of the end effects implies that the magnetic field is independent from the z-coordinate.
The time-dependency can either be taken into account directly or through time-stepping. Direct time-dependency implies using a time-dependent expression for the magnetic field. As this allows to account for eddy-current reaction field, it is the most generally valid technique [4] , [5] , [11] - [13] , but it also implies a larger complexity. Applying time-stepping, i.e. performing multiple time-independent calculations with updated values of the rotor position, current value, etc., results in a simpler model with a lower computational burden [1] - [3] , [6] . However, as directly taking into account the time-dependency is the most general method, it will be used in the rest of this work. Assuming synchronous rotation, the results apply to models that use time-stepping if the time-harmonic order (n) is assumed to be 1.
The magnetic field is mostly expressed using auxiliary quantities such as the magnetic scalar potential (ψ) [1] , [2] or the magnetic vector potential (A) [3] - [6] . As already mentioned, the magnetic field, and thereby ψ and A, are independent from z if the end effects are neglected. Moreover, neglecting the end effects also implies that A only has a z component:
Which of both auxiliary quantities is considered has no effect on the following discussions. In this work, the more generally valid magnetic vector potential was chosen, but a completely analogue reasoning can be made for the scalar potential. Evidently, the machine has a periodicity over both time and space. The time periodicity is the time the rotor needs to perform one revolution (T m ), the mechanical periodicity is 2π mechanical radians. Those periodicities can be used to express the magnetic field as a Fourier series over time and space:
In (2), n is the time-harmonic order and k is the spatialharmonic order. The machine's mechanical rotational speed is denoted as ω m .
Because of the fact that the magnetic field has both a time and a spatial dependency, every Fourier coefficient (A n,k (r)) depends on both the time-harmonic order n and the spatial-harmonic order k. This means that the time-and spatial-harmonic orders should not be regarded separately but as a combination. Such a time-and spatial-harmonic combination is referred to as (n, k). 
B. Fourier-Based Modeling
The fact that the magnetic field can be written as a Fourier series has been used by a great number of authors to construct analytical models of PMSMs [1] - [6] . In these Fourier-based models, Maxwell's equations and the constitutive relations are used to formulate a differential equation for the magnetic scalar potential or the magnetic vector potential. For the magnetic vector potential this differential equation is written as:
(4) where μ is the magnetic permeability, σ is the electric conductivity, v is the speed, J ext is the externally imposed current density and B 0 is the residual magnetism in the machine.
To solve (4) the subdomain technique is applied. This technique consists of two steps.
The first steps divides the machine in a number of regions, called subdomains, in which the governing equation is greatly simplified. Fig. 2 shows the subdomains in a slotted and in a slotless machine. They are indicated with an index ν, ranging from 1 till 4 in the slotless machine and 1 till 5 in the slotted machine. Note that, in slotted machines, every slot and every slot opening is a separate subdomain. These domains are represented by indices 4i and 5i, where i refers to the slot number. Subdomain 2 is the SC. Not every machine is equipped with a shielding cylinder, however whether or not a SC is present in the machine has no influence in this work.
After having obtained equations for the MVP in each of the subdomains (A (ν ) ), boundary conditions are imposed to determine the integration constants that were introduced when solving (4):
where ν and ν + 1 are neighboring subdomains and n is the unit vector normal to their boundary.
Note that the amount of integration constants that have to be determined largely determines the model's computational burden.
The solution of the simplified differential equation is obtained using the separation-of-variables technique. The equation for the magnetic vector potential is thus written as the multiplication of a r-, a φ-and a t-dependent part. The form of these parts depends on the differential equation and the spatial periodicity in the considered subdomain.
The actual form of the r-dependent part is not of great importance in this work. It is however important to note that the r-dependent part contains the integration constants, introduced when solving (4).
In Section II-A, the φ-dependent part of harmonic combination (n, k) was written as e j kφ , based on the assumption that the magnetic field has a spatial periodicity of 2π mechanical radians. This notation holds in the subdomains that span 2π mechanical radians. However, in slotted machines the subdomain technique introduces domains that do not span the entire 2π mechanical radians, i.e. the slot openings and the slots. As discussed in [3] , [5] , [6] , the magnetic fields in these subdomains have a basic spatial period of twice their respective opening angles, 2δ for the slot openings and 2ε for the slots. The φ-dependent part of the magnetic vector potential is then written as:
To avoid confusion, a different notation for the spatial-harmonic order is used; u and v instead of k. Note as well that the starting angles of the slot opening and the slot, shown in Fig. 1 , are subtracted from the angular coordinate. This is done to easily comply with the imposed boundary conditions [3] , [5] , [6] .
The spatial division of the machine's geometry has no effect on the basic time period. The t-dependent part will always be written as e −j nω m t . The above implies that the magnetic vector potential in every subdomain can be written as:
is the subdomain's spatial period, i.e. 2δ in the slot openings, 2 in the slots and 2π in the other subdomains. The starting angle of subdomain ν, i.e. δ i in the slot openings, i in the slots and 0 in the other subdomains is indicated as φ
A more extensive description of the subdomain technique is provided in [1] - [6] and is beyond the scope of this work.
Note that, although Sprangers [14] and Dubas [15] have recently introduced techniques to account for finite permeabilities, the Fourier-based model of this section assumes that the permeability of slotted structures is infinite. This assumption is more strict than the assumption of homogeneous materials posed in Section I-A, but that doesn't affect the validity of the results. Moreover, the assumption of infinite permeabilities is used in the vast majority of Fourier-based models [1] - [6] .
III. HARMONIC CONTENT IN SYNCHRONOUS ELECTRIC MACHINES
In (7), every time-and spatial-harmonic order is considered. However, usually not every harmonic combination is present in the machine's magnetic field. Moreover, the harmonic content of synchronous electric machines can be predicted. An extensive discussion on this prediction is presented in [10] . This section is limited to a brief introduction on the topic so that the results can be used in Section V.
There are four aspects that define the machine's harmonic content; the permanent magnets, the stator currents, the winding distribution and the machine's geometry. These four aspects can be divided in two categories: the source terms, i.e. the magnets and the stator currents, and the spatial aspects, i.e. the machine's geometry and the winding distribution. The source terms determine which time-harmonic orders are present in the machine's magnetic field. Indeed, they can only introduce time-harmonic orders that are present in their own harmonic spectrum; h m for the magnets and h c for the stator currents. Based on the time harmonic content, the spatial aspects determine the machine's spatial harmonic content. The latter is argued by noting that the machine's magnetic field will be equal but rotated over a certain angle after a given time span. This rotational angle and time span are determined by the machine's spatial aspects.
A. No-Load Situation
The above can easily be explained for the no-load case of a machine with identical slots. If N s is the number of slots, the rotor will have rotated over one slot pitch after seconds. This can be expressed mathematically:
Moreover, the above is valid for every harmonic combination separately: (9) Considering that ω m T m = 2π, (9) implies a relation between the time-and spatial-harmonic orders.
where c is an integer. This means that, for the no-load situation, the time-harmonic orders are determined by the harmonic spectrum of the magnets 
while the machine geometry, i.e. the slots, determine the present spatial-harmonic orders. The harmonic combinations then have to satisfy (10) while n ∈ h m .
B. Armature-Reaction Situation
For the armature-reaction field a similar approach can be made. The time-harmonic orders in the magnetic field are now determined by the harmonic spectrum of the applied currents (n ∈ h c ). Let m be the number of phases and τ the machine's period, i.e. the greatest common divisor of the number of pole pairs (p) and the number of slots (N s ):
It was shown in [10] that, if the machine's winding is determined using the SOS, it contains ςmτ slot groups (also known as phase belts). Where ς = 1 or ς = 2, depending on whether N s τ is odd or even. The spatial shift of a slot group corresponds to the time shift of the currents flowing through that slot group. This means that the machine's magnetic field will be equal but rotated over one slot group after 
From which the following relation between the time-and spatialharmonic orders is obtained:
This means that under armature-reaction conditions, the harmonic combinations in the magnetic field have to satisfy (13) while n ∈ h c .
C. Load Situation
Finally, since saturation is neglected, the load field is the superposition of the no-load and armature-reaction fields. The time-harmonic orders are now introduced by both the rotor magnets and the stator currents. As mentioned, the effect of the geometry is already incorporated in the winding distribution. This means that, depending on whether N s τ is odd or even, the magnetic field is identical but rotated over 2mτ seconds. This implies that the spatialharmonic orders can again be predicted using (13) . An overview of the resulting harmonic content in all situations is presented in Table I . 
IV. SIMPLIFYING THE GEOMETRY
As already mentioned, a demand for low computational time is one of the major reasons to develop a Fourier-based model. Such models can indeed be very fast. However, their computational time is mainly determined by the amount of integration constants that have to be calculated. Which, in turn, depends on the amount of harmonic combinations that are taken into account. Since more accuracy implies more harmonic combinations, a strict demand for accuracy may result in unacceptable computational times. This is especially true for models that directly take into account the time-dependency and for models which' purpose is an optimization procedure.
Apart from the required accuracy, the geometry has an impact on the computational time as well. Indeed, in machines with semi-closed slots, every slot opening and every slot is a separate subdomain. Each of those subdomains implies additional integration constants and therefore additional computational time. This may be a reason to simplify the geometry of machines with semi-closed slots to a similar geometry with open slots. As illustrated in Fig. 3 , this is done by setting the opening angle of the slots to that of the original slot openings.
Evidently, this implies that the current density has to be recalculated to keep the total current constant. Section VI will verify that simplifying the slots may strongly reduce the computational time without compromising the accuracy.
V. HARMONICS AND FOURIER-BASED MODELS
The goal of this section is to reduce the computational time of Fourier-based models by applying the findings from Sections II and III. In a first part the harmonic combinations are reduced using Table I. In the second part the interdependency of the slots is discussed. Thirdly the real nature of the magnetic vector potential is discussed.
A. Harmonic Combinations
When simulating a machine using a Fourier-based model, the number of considered time-and spatial-harmonic orders is always limited. The cut-off harmonic orders, i.e. the highest time-and spatial-harmonic orders that are taken into account, have to be carefully chosen. On the one hand, a sufficient amount of harmonic orders is required to obtain accurate results. On the other hand, the amount of considered harmonic orders should be as low as possible in order to avoid excessive computational times. However, by applying the results of Section III the amount of harmonic combinations can be reduced without affecting the accuracy. Indeed the field components related to harmonic combinations that do not satisfy the requirements of Table I will be zero. These combinations can thus be disregarded, doing so results in a first harmonic-related reduction of the computational burden.
Note that the imposed relations between the time-and spatialharmonic combinations were found assuming a basic spatial period of 2π mechanical radians. Therefore Table I is not valid in the slot openings and the slots of a slotted machine.
B. Interdependence of the Slots
Although Table I does not apply to the magnetic vector potential in the slots and the slot openings, the time periodicities found in Section III are still valid for the machine's total magnetic field.
Equation (8), for example, implies that under no-load conditions the magnetic field in slot opening i + N t lags the magnetic field in slot opening i by T m N s , eq seconds. A relation can then be found between the magnetic vector potential in these slot openings:
Which is again valid for every harmonic combination separately: (15) and since
A similar relation can be found between the Fourier coefficients of the slots:
For the armature-reaction and load fields, a similar periodicity was found. Analogously as in the above, the following relations can be found: Equations (16)- (19) show a relation between the Fourier coefficients of different slot openings and slots. This implies that fewer coefficients have to be calculated using the boundary conditions. A second harmonic-related technique to reduce the computational time is thus to account for the relation between integration constants of different slots. This lower computational time is again achieved without loss of accuracy.
C. Real Functions
Although (7) contains complex components, the magnetic vector potential as such is real. This implies that the Fourier coefficients linked to harmonic combinations (n, k) and (−n, −k) have to be complex conjugate. For the magnetic vector potential this implies:
Note that this is valid for every subdomain. The above relation implies that only half of the integration constants have to be calculated, which results in a large reduction of the computational time.
VI. VALIDATION AND BENCHMARKING
In addition to the computational-time reduction techniques described in the above, some authors already account for the machine's periodicity (τ ) in order to reduce the computational burden. This implies that, in subdomains that span the entire 2π mechanical radians, they only consider time-and spatialharmonic orders that are multiples of τ . Moreover, only N s τ slots and slot openings have to be taken into account. This approach is, in effect, a simple version of the preliminary harmonic analysis of Section V. To evaluate the effect of accounting for periodicity and the techniques proposed in Sections IV and V, several example machines are simulated using four different models: 1) original model: the model presented in [5] 2) slots model: the original model with simplified slots 3) periodic model: the model that accounts for the machine's periodicity 4) harmonics model: the model that accounts for the preliminary harmonic study It was already mentioned that, for the sake of generality, this work considers Fourier-based models with a direct timedependency. However, the vast majority of Fourier-based models in literature still uses time stepping. Therefore, this section also considers an application of the above for the case of timestepped FB models.
A. Direct Time-Dependency
The first example machine is a three-phase inner-rotor PMSM with distributed windings. The second example machine has an outer-rotor topology and five phases that are arranged in a fractional-slot concentrated winding. A cross section of both machines is shown in Fig. 4 . Their parameters are listed in Table II , where RY indicates the rotor yoke, PM the permanent magnets, SC the shielding cylinder, AG the air gap, SO the slot openings, SL the slots and SY the stator yoke. Note that, depending on whether no-load or armature-reaction conditions are regarded, B 0 is 1.2 or 0 T and J is 0 or 5 A m m 2 . The magnets are radially magnetized and the applied current is sinusoidal.
The highest time-harmonic order is set to 130. In the circular subdomains (ν = 1 · · · 3), the highest spatial-harmonic order is 130 as well. In the slots and the slot openings, the highest spatial harmonic order is set to 15. The induction in the air gap can be calculated using the definition of the magnetic vector potential:
Table III shows the computational times of the performed simulations for both the no-load (NL) and the armature-reaction (AR) conditions. All of the calculations were performed on a quad core PC with a clock rate of 2.83 GHz and a memory of 8 GB. To evaluate the accuracy of the obtained solutions, they are compared with results from a 2D finite-element model. The % RMS deviation, with respect to the FE model, of the magnetic flux density in the center of the air gap is also shown in Table III . This deviation is calculated as:
Note that the computational time of the FE models strongly depends on the modeled geometry, the number of time steps required for the calculations to converge and even the applied software package. In this work, computational times ranging between 4 seconds, for the magnetostatic calculations of Section VI-B, and over 2500 seconds, for some of the magnetoquasistatic calculations of Section VI-A, were required. However, as the focus is on FB models, the computational time of the FE models will not be discussed in detail. It can readily be seen from Table III that there is a significant difference in required computational time between the original model and the model with simplified slots. Nevertheless, the simplified model can predict the flux density in the center of the air gap with an accuracy that is comparable to that of the original model. However, it is evident that the effect on the in the slots will not be negligible. Simplifying the geometry is thus an interesting technique for FB models that study quantities such as torque and magnet losses, i.e. quantities that are not strongly affected by the field in the slots. One example of a machine parameter that cannot effectively be calculated with simplified slots is the inductance.
For the inner-rotor machine, accounting for the periodicity has an even greater effect on the computational time. This computational-time reduction is achieved without affecting the model's accuracy. This was indeed expected; the optimized model only avoids unnecessary calculations. This doesn't affect the actual result. As the periodicity of the outer-rotor machine is 1, its computational time is not affected. The computational gain for the model that applies the preliminary harmonic analysis of Section V is by far the largest. It can also be seen from Table III that the optimized model has a significantly lower computational time for the armature-reaction field than for the field at no-load conditions. The reason is that a sinusoidal current is imposed, this implies that h c only contains the fundamental time-harmonic order. In contrast, h m contains much more time-harmonic orders.
Note that in slotless machines, all calculations can be performed separately for every time-and spatial-harmonic combination. This implies that more, but smaller, boundary-condition matrices are to be considered. Equations (10) and (13) will still allow to further reduce the size of the matrices. However, as the computational time depends on the square of the matrix size, this reduction will only result in a limited computational-time reduction.
In addition to the comparison of Table III , Fig. 5 shows the computational times of the original model, the slots model, the harmonics model and a model that combines simplified slots with a harmonic analysis for different cut-off harmonic orders. The machine under consideration is the inner-rotor machine of Fig. 4(a) . Note that the spatial cut-off harmonic orders in the slots are one tenth of the cut-off harmonic orders in the circular subdomains. This is common for Fourier-based models, indeed the slot opening is much smaller than 2π radians. Fig. 5 clearly shows that the preliminary harmonic study, by far, has the largest effect on the computational time. Fig. 5 also shows the % RMS deviation of the original model as a function of the amount of harmonic orders. This figure shows that a fairly good accuracy is obtained, even at a low cut-off harmonic order. Note that the RMS deviations of the other models are not shown because they are very close to that of the original model.
B. Time Stepping
Consider the first example machine, as described by Table II and Fig. 4(a) . However, now the shielding cylinder is replaced by air, the number of slots is set to 96 and the number of pole pairs is increased to 16, while maintaining all geometrical proportions.
The large number of slots allows to evaluate the effect that the number of slots has on the computational time. On the other hand, the absence of a shielding cylinder allows for a time-stepped magnetostatic calculation. Which is, to date, the most commonly used Fourier-based modeling technique. Such a time-stepped magnetostatic calculation was performed for a single time step using all of the above four models, the results are presented in Table IV .
First and foremost, it should be noted that the computational times of Table IV are not simply comparable with those of  Table III . Whereas the calculations from the previous section cover a complete time period of the machine, the calculations presented here only cover a single time step.
Nevertheless, some interesting conclusions can be drawn. Firstly, it can be seen that the technique of simplifying the slots now results in a much larger reduction of the computational time. The reason is that, due to their larger number, the effect of the slots on the computational time is much larger. Next, it can be seen that, under armature-reaction conditions, the computational time of the harmonic model has the same order of magnitude as that of the harmonic model with direct time-dependency. This could indeed have been expected; as the current is sinusoidal, the time-dependent harmonic model only has to consider a single harmonic order. This implies that, like for the time-stepped model, only a single system of boundary conditions has to be solved.
VII. CONCLUSIONS
This work started with an introduction on Fourier-based modeling in Section II and the basics on harmonic content of synchronous electric machines in Section III.
Using the information from these two sections and some general considerations on the magnetic field, two major techniques to reduce the computational burden of FB model were proposed; simplifying the geometry and accounting for a preliminary harmonic analysis.
Simplifying the geometry proved to result in a significant reduction of the computational time while barely affecting the accuracy of the flux density in the center of the air gap.
In Section V, the harmonic analysis of [10] was used to propose three harmonic-related techniques to reduce the computational time. A first harmonic-related technique is to only consider the harmonic combinations that are actually present in the magnetic field. Secondly a relation between the magnetic field in different slots can be found. This relation reduces the amount of integration constant that have to be calculated.
Finally, it was argued that the auxiliary quantities that describe the magnetic field have to be real. This also imposes a relation between different integration constants.
The above described techniques were successfully validated using a FEM. Finally, a benchmark test was done to compare the computational time of the standard Fourier-based model with the optimized models. A huge reduction in computational time was noted. Although the focus was on models that directly take into account the time-dependency, an additional example for timestepped models was included. Moreover, studying the presence of harmonic combinations also results in a better insight in the machine's operation.
The presented work thereby contributes to the development of a faster simulation tool and to the understanding of synchronous machines.
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